Methods for solving elastic wave scattering problems in three dimensions (3D) with multiple inhomogeneities are discussed. A problem of homogeneous, isotropic elastic defects in an otherwise homogeneous, isotropic elastic full-space is formulated as a boundary integral equation. This equation is solved by discretizing the surface of each scatterer in a fashion known as the boundary element method. The resulting matrix equation may be solved in a fully implicit manner, but an implicit-iterative method is more efficient. With this hybrid method, a portion of the nonsingular integral operator is expanded in a Neumann series. Terms in this series correspond physically to Nth-order Born approximations of the scatterers' interaction. The relative advantage of this hybrid scheme depends on the number of iterations required. Except for closely situated strong scatterers, terms beyond the first few orders are not significant and thus the method can be quite advantageous. When the separation is large, another approximate method which ignores the evanescent portion of the near scattered field and further neglects the curvature of scattered waves is appropriate. Results from the converged, implicit-iterative approach are compared with this far-field approximation for many situations involving spheroidal voids. The validity of this approximation is explored in the near field. 
INTRODUCTION
The problem of scatterer interaction appears in acoustic, elastic, and electromagnetic contexts. Our focus here is on elastic wave scattering. Determining elastic wave scattering by a single, isolated inhomogeneity in an otherwise homogeneous, isotropic host medium is by itself a formidable problem. However, material inhomogeneities can and do occur in clusters. In the ultrasonic nondestructive evaluation (NDE) context, from which we derive our motivation, these clusters can be porosity in metal castings or disbonds in composite materials, etc. Our approach to this class of problems is based on deterministic knowledge of each individual scatterer. Much of the early work on this topic 1-3 has relied on the T-matrix method and addressed problems involving pairs of spheres and spheroids. More recently, results based on the boundary element method (BEM) have appeared for a periodic array of cracks, 4 two cracks at various orientations, 5 and a crack/cavity combination. 6 Another related class of problems deals with discrete random media which has many scatterers and only statistical knowledge of size, shape, orientation, etc., is available. 7 In this paper we present our results for two interacting voids based on methods which are formulated more generally in terms of two elastic scatterers. These methods are extendable to the "few" body problem, and the results have implications for the many bodied (random media) problem. This work is different from a) Current affiliation: Fisher Controls International, Marshalltown, IA 50158.
previously cited efforts in that it is based on a three-dimensional BEM implementation of the governing time-harmonic form of the direct boundary integral equation (BIE).
Solving multiple scatterer problems is possible by a straightforward interpretation of the procedure for a single isolated scatterer. However, a much more efficient procedure is possible for many situations of importance to NDE. Schuster Theoretical insight is given into why iterative solutions can work easily for cross interaction but have difficulty with self-interaction. The efficient hybrid means for solving multiple scattering problems is used to generate and investigate the accuracy of truncated Born series solutions for cross interaction and to understand the physics of multiple scattering including interference and resonance. The limits of applicability of some very simple multiple scattering approx-imations are investigated and found to be good over a large parameter space.
I. SOLITARY SCATTERING PROCEDURES
A numerical approach is required to determine scattering from solitary defects of arbitrary shape even when both the defect and host materials are homogeneous and isotrop- ic corner. 13 Superscript I on u denotes the incident field, while no superscript implies the total field. Equation ( 1 ) is used to find the unknown total field quantities at the surface from specified boundary conditions and the incident field.
In general, a boundary surface may contain regions of Dirichlet, Neumann, and Robin (mixed) boundary conditions. But, for scattering, the entire boundary usually only has one type. For a void, tractions are all specified as zero and the displacements are unknown. For an elastic inclusion, the BIE is written again for the total field in the inhomogeneity. This time there is no explicit incident field term as in Eq. The complex coefficients which comprise the matrices G and H are functions of frequency, material properties, and the inhomogeneity geometry. The subscripts refer to the BIEs for the internal or external domain, respectively. The G matrix comes from integration of the fundamental solution kernel, U r, whereas the H matrix is from the gradient kernel, Tr, and both are fully populated. The formal inverses are not computed as such but represent a decomposed matrix from which boundary solutions may be obtained for various incident fields via the forward elimination and backward substi-16 tution processes.
C. Incident and scattered fields
The incident field displacements must be specified at the BEM nodes. For an incident plane longitudinal (L) wave, these displacements are given by u'(p) = Ia (k/lkl)exp(zl{.p),
with the implied harmonic time dependence, p is the coordinate vector of the node, k is the wave-number vector, and is the amplitude. A form of Eq. ( 1 ) can be used to determine the scattered field from the BIE boundary solution. Using superscript S to denote the scattered field and employing the field decompo- 
A and cr have units of length and area, respectively. The examples in this paper all have a characteristic dimension of the inhomogeneity a, which is normalized to unity. The scattering amplitudes and cross sections presented are based on that unit of measure, as is customary.
II. MULTIPLE SCATTERING PROCEDURES
Until this point, we have presented our method as though the inhomogeneity from which the scattering occurs is defined mathematically by one connected domain. However, the same governing BIE can be derived for multiple scatterers. In fact, the scattering from multiple defects can be calculated by the methods described thus far, if the domain of the integral in Eqs. (1) and (4) is taken to be the surface of all the scatterers. In terms of computer implementation, only the element and node definitions of the second (and so on) surfaces must be modified to lie in sequence and at the appropriate position. The complete set of equations for all the scatterers is then solved via a single LU decomposition process. This approach is termed the fully implicit 
B. Born and generalized Born series approximations
The Born approximation originated in the context of quantum mechanical scattering theory, but it has been used extensively and successfully in both acoustic and elastic wave scattering. Often, the term Born approximation carries the connotation "first Born approximation." From Eq. (10), we see the first term in the Neumann series merely replaces the unknown function y under the integral with the inhomogeneous termf. Physically, the total field on the scatterer surface is being estimated by the incident field. This implies that the scattered field must be comparatively weak. Some useful solitary scatterer problems can be solved rather easily by the first Born approximation since it replaces solving the integral equation with performing a spatial Fourier transform. 9 As might be expected, this approximation works best for weak scatterers (impedance similar to host impedance )--even in some cases for intermediate and high frequency. It will always break down above some frequency which depends on the defect.
For strong solitary scatterers one might expect that including additional terms of the Neumann series would provide a satisfactory approximate solution. However, the theoretical impropriety of using an Eq. (10) type approach on singular kernels does lead, in practice, to methods that do not always converge. 2ø For situations that do converge, adding more terms improves accuracy but, for voids, the kLa range which converges is limited. Kleinman et al. have shown that the parameter space over which the Neumann (Born) series will converge can be expanded by using relaxation. 2t
As might be deduced from the 1/r decay in the strength of the scattered field, the interaction of multiple inhomogeneities is only important if the scatterers are fairly close. 2'3
An approximation for the interaction between multiple scatterers, which is somewhat analogous to the first Born approximation, is to assume that the scatterers do not affect one another. The scattering amplitude or total cross section is merely the complex sum of those values for each solitary scatterer as adjusted by the proper phase according to relative position. This approximation was used in Refs. 2, 3, and 22, and we will refer to it as thefirst-order multiple scattering approximation. Neglecting the interaction is similar to a first-order Born approximation because it assumes the incident field at a given scatterer location is much stronger than the field due to scattering from the other inhomogeneities. Thus the CPU time for a few iterations is significantly smaller than the savings on LU decomposition time.
III. GENERALIZED BORN SERIES APPROXIMATION

RESULTS
The formalisms and procedures discussed in the preceding sections are now used to quantify the scattering from two cavities. Figure 1 is a 2-D representation of the general 3-D problem of two dissimilar shapes with a planar incident field propagating in an arbitrary direction. The first concern is whether the hybrid approach and the fully implicit approach produce similar results. A conservative convergence criterion is used, namely, that the maximum change in any nodal field value between successive iterations must be less than 0.001% of the incident field magnitude Ia. In principle, the two methods should agree, and, in fact, the difference between results is only a tiny fraction of a percent. This result is true regardless of the separation distance, as long as the hybrid method remains convergent. Errors for conditions that are very slow to converge are in general no larger than those which converge quickly. A graphical demonstration of this agreement is omitted because it is rather uneventful, and not because it is insignificant. Unless otherwise stated, the BEM results in this paper are from the hybrid approach. In Figs. 4-6, the effect of scatterer shape and dimensionless frequency on the interaction between two voids is considered. In each case, the total scattering cross section is  plotted as a function Treating scatterer interaction with a generalized Born series approximation allows for efficient calculations that are often quite accurate even when only a few terms in the series are used. Next, we evaluate an even simpler approximation which is surprisingly robust.
IV. FAR-FIELD APPROXIMATION
The far-field approximation for the interacting portion of the scattering process is a very simple approximation from both the conceptual and the implementation standpoints. From the generalized Born series approximation results, we have learned that the true solution can be thought of as a perturbation of the noninteracting approximation. The interaction can be strictly interpreted as sum of twice, thrice, etc., scattered waves. Further, we saw that the twice scattered waves comprise almost all of the interaction except when the defects are close together. In this section, we take this notion of countable wave-scatterer interactions and apply a simple estimate.
With the far-field approximation, the scattered field generated by a single scatterer is assumed to be characterized by the scattering amplitude everywhere. In other words, the nonradiating evanescent near field is ignored. This assumption improves as the distance between scatterers increases. Second, our far-field approximation ignores the curvature of the spherically spreading scattered wave front and characterizes the interacting field as a single plane wave over the entire subsequent scatterer. This secondary assumption also improves as the distance between scatterers increases. This approximation is appealing because the entire interaction portion of the multiple scattering problem is reduced to an analytical calculation in terms of scattering amplitudes, which can be computed by methods for solitary scatterers. In the following subsections, this approximation is investigated for specific cases involving two scatterers.
A. Identical symmetric scatterers
Consider the case of two identical scatterers with at least three orthogonal symmetry planes, and further assume the spatial offset between the two scatterer centroids is along a symmetry plane intersection line. This arrangement was selected because it is sufficiently general to include spheres, spheroids, and ellipsoids which are commonly studied and yet it has enough symmetry to keep the illustrative calculation simple. The far-field approximation is not dependent on any symmetry assumption. The general problem is illustrated in Figs. 1 and 8 in which the • dependence, if any, is not shown. The incident field propagation direction may likewise be arbitrary. We consider two particular incident fields, one propagating parallel to the common axis (coaxial) and the other one propagating perpendicular (lateral) to it. Secondary and tertiary interactions for the lateral incidence sit-uation are depicted in Fig. 8 . The coaxial incidence case is similar except that there are formally no transverse waves traveling between the two scatterers due to the additional symmetry. The second-order far-field approximation includes the first-order term plus the interaction shown schematically in Fig. 8(a) . The interaction is shown as split into scattered fields emanating from the upper and lower inhomogeneities, to enhance understanding. Both processes occur simultaneously, but have different functional forms. For lateral incidence, the relationship is B (•2) (90,0 s) 
The first-order far-field approximation is identical with the first Born approximation of the interaction (i.e., no interaction
The third-order approximation adds the effects from waves that scatter from the inhomogeneities three times before spreading into the far field. The two possible paths of these waves for lateral incidence are shown in Fig. 8(b) . For each increment in order, the path includes an additional traverse between the two scatterers [ cf. Fig. 8 (a) and (b) [ exp(ikd) terms ] up through a k L a of about 2. The accuracy of the far-field approximation is frequency as well as separation dependent. Although the far-field approximation formulas in this section are for identical scatterers, it is straightforward to construct relationships for unmatched flaws from these examples. Likewise, three or more scatterers could be treated but the interaction "bookkeeping" becomes difficult beyond second order.
B. Equivalent near-field scattering amplitudes
A critical element to the success of the far-field approximation is the accuracy of the far-field scattering amplitude in predicting the near field. The actual near scattered field can be quantified by a distance-dependent "equivalent scattering amplitude," which is given by an expression similar to Eq. (5) but without the limit. The sphere is a convenient object to make these comparisons on, due to the availability of an analytical solution from which to gain insight. Refer- tered angle and would, in general, need to be studied for each case. But for this situation, the deviation of the equivalent scattering amplitude from the far-field value and the error in the far-field approximation shown in Fig. 9 are consistent. Both approximations have significant problems at separations less than 3.5 radii at this frequency. The accuracy of the equivalent scattering amplitudes in the near field of an oblate spheroid has also been studied by using the BEM. •9 Again, the breakdown of the far-field approximation is consistent with the difference between the equivalent scattering amplitude and its asymptotic. 
